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Standard reservoir simulation schemes employ first order upwind schemes for approxi-
mation of the convective fluxes when multiple phases or components are present. These
convective flux schemes rely uponupwind information that is determined according to grid
geometry. As a consequence directional diffusion is introduced into the solution that is grid
dependent. The effect can be particularly important for cases where the flow is across grid
coordinate lines and is known as cross-wind diffusion.
Truly higher dimensional upwind schemes that minimize cross-wind diffusion are
presented for convective flow approximation on quadrilateral unstructured grids. The
schemes are locally conservative and yield improved results that are essentially free of
spurious oscillations. The higher dimensional schemes are coupled with full tensor Darcy
flux approximations.
The benefits of the resulting schemes are demonstrated for classical test problems in
reservoir simulation including cases with full tensor permeability fields. The test cases
involve a range of structured and unstructured grids with variations in orientation and
permeability that lead to flow fields that are poorly resolved by standard simulation
methods. The higher dimensional formulations are shown to effectively reduce the
numerical cross-wind diffusion effect, leading to improved resolution of concentration and
saturation fronts.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
First order upwind schemes also known as single-point upstream weighting schemes are still commonly employed in
reservoir simulation for integrating the essentially hyperbolic components of the system. These schemes rely upon upwind
information that is determined according to the grid geometry. As a consequence, directional diffusion is introduced into
the solution that is grid and geometry dependent. The effect can be particularly important for cases where flow is across
grid coordinate lines and is known as cross-wind diffusion [1–5]. A more robust solution algorithm that is free of both
cross-wind diffusion and spurious oscillations remains an area of research for reservoir simulation. A scheme that uses
the correct upwind direction in a time dependent sense is the Corner Transport Upwind (CTU) scheme [2]. A family of
genuinely multidimensional upwind schemes coupled with a consistent Darcy flux is presented in [6] on Cartesian grids.
These schemes include the transverse corner point in support and use characteristic tracing. The schemes are based on a
bilinear interpolation of the saturation on the quadrilateral grid cell and use a nine point stencil instead of a five point stencil
(as in single-point upstream weighting). The focus in this paper is on the generalization of these schemes to unstructured
grids.
∗ Corresponding author.
E-mail address:M.S.LAMINE.351076@swansea.ac.uk (S. Lamine).
0377-0427/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2009.08.069
S. Lamine, M.G. Edwards / Journal of Computational and Applied Mathematics 234 (2010) 2106–2117 2107
Rather than upwind along cell edges, new genuinely multidimensional schemes are presented on general quadrilateral
grids that upwind in the direction along which waves have traveled. The schemes are constructed to be locally conservative
for any flux type, linear or nonlinear. Stability and positivity conditions are derived in the linear case. The schemes yield
results of improved resolution that are essentially free of spurious oscillations. The new schemes permit a larger CFL number
than the single-point scheme, while minimizing cross-wind diffusion and grid orientation effects.
Themultidimensional convection schemes are coupledwith continuous Darcy flux approximations. Locally conservative
continuous full tensor Darcy flux finite volume schemes have been developed for the essentially elliptic component of the
reservoir simulation system see e.g. [7,8] and references therein. These schemes are control volume distributed multi-point
flux approximations CVD(MPFA)where flowvariables and rock properties are assigned to the control volumes of the grid and
provide a consistent discretization of the porousmediumpressure equation applicable to general geometry andpermeability
tensors on structured and unstructured grids.
In this paper, a family of first ordermultidimensional wave oriented upwind schemes are presented for fluid transport on
general quadrilateralmesheswith spatially varying local grid orientation. The benefits of the new schemes are demonstrated
for two-phase flow test cases in twodimensions including full tensor velocity fields on structured andunstructured grids. For
steep front problems, the single-point upstreamweighting scheme suffers from excessive smearing due to both coordinate-
line diffusion and cross-wind diffusion that is inherent in the scheme. In contrast, by upwinding in the correct physical wave
direction, cross-wind diffusion is significantly reduced and the schemes provide significant enhancement in resolution of
discontinuities that travel across the mesh. Results are free of spurious oscillations in most cases and the new schemes
require a minimal increase in support.
The flow equations are presented in Section 2. Formulation of the family of multidimensional schemes on unstructured
quadrilateral grids is presented in Section 3. Two-phase flow results are presented in Section 4 that demonstrate the
advantages of the new higher dimensional flux-continuous formulation. Conclusions follow in Section 5.
2. Flow equations
Without loss of generality in terms of the numerical methods applicability, the schemes presented here are illustrated
with respect to two-phase incompressible flow models, with unit porosity and where capillary pressure and dispersion are
neglected. The integral form of the flow equations is given, as the first step of the finite volume discretization. Gravity is
omitted here and will be considered in a future paper. After integrating over a control volumeΩcv with surface ∂Ωcv via the
Gauss divergence theorem, the continuity equations for phases p = 1,Np are written as∫
Ωcv
∂Sp
∂t
dτ +
∮
∂Ωcv
Vp • nˆds = mp (1)
where the integral is taken overΩcv and where Sp, Vp and mp are the pth phase saturation, Darcy velocity (defined below)
and specified phase flow rate respectively. Since the pore volume must always be filled by the fluids present, this gives rise
to the volume balance where saturations sum to unity. The momentum equations are defined through Darcy’s law where
the pth phase velocity is defined by
Vp = fpVT (2)
here fp is the fractional flow of phase p and VT is the total Darcy velocity defined via
VT = −ΛK∇φ (3)
whereΛ =∑Npp=1 λp is the total mobility, with pth phasemobility given by λp = krp/µp whereµp and krp are the respective
phase viscosity and relative permeability. K is a diagonal or full elliptic Cartesian permeability tensor, φ is the pressure
and∇ = ∂xi . Neumann boundary conditions apply on solid walls with zero normal flux. Inflow–outflow conditions apply at
wellswhere fluxes/pressures are prescribed. Initial data in terms of saturation andpressure fields are also prescribed. Further
details can be found in [9]. The closed surface integral of phase velocity can now be expressed as the sum of outward normal
phase fluxes Fpi over each of the surface increments of the control volumeΩcv , viz∮
∂Ωcv
Vp • nˆds =
NS∑
i=1
Fpi (4)
whereNS is the number of surface increments that enclose the volumeΩcv . The outward normal phase flux in the ith normal
direction is written in terms of the general tensor T as
Fpi = −
∫
∂Ωcv
fpΛ
2∑
j=1
TijφξjdΓi (5)
where ξi are local curvilinear parametric coordinates, Γi is the parametric coordinate surface increment and φξj is the
derivative of φ with respect to ξj and T = JJ−1KJ−T is the general tensor defined via the Piola transformation which is
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a function of the Cartesian permeability tensor and geometry, where Jij = ∂xi/∂ξj is the Jacobian of the local curvilinear
coordinate transformation, and J = xξyη − yξ xη is the Jacobian determinant. The grids considered here generally give rise
to non-zero cross-terms with Tij 6= 0 for i 6= j in the general tensor. For incompressible flow, Eq. (1), is summed over the Np
phases and using the sum of saturations is unity, yields the pressure equation
NS∑
i=1
FTi = 0 (6)
away from sources and sinks (or wells) where the total flux FTi involves a product of total mobility and single-phase flow
flux and is given by
FTi = −
∫
∂Ωcv
Λ
2∑
j=1
TijφξjdΓi. (7)
Further details of the flux-continuous CVD formulation are given in [7].
3. Wave oriented multiphase flow approximations
A vertex-centered finite volume approximation is used here. Consider the control volume corresponding to node j
Fig. 1(a). Let NedV be the total number of constitutive edges connected to vertex j and τj the jth control volume area. The
semi-discrete finite volume form of Eq. (1) for multiphase flow on unstructured grids is written as
τj
d
dt
Spj +
NedV∑
i=1
fp(SnL , S
n
R)FTe(i,j)(φ
n+1) = Mpj (8)
for the pth phase continuity equation, where SnL , S
n
R are the left and right hand values of the phase saturation vectors with
respect to edge e(i, j) and n denotes the time level of the scheme. Here FTe(i,j) = ΛFe(i,j)(φ), where Fe(i,j)(φ) is the single-phase
Darcy flux andMpj denotes the pth phase flow rate, which is prescribed at wells and is zero otherwise. The phase continuity
equations are coupled through the discrete pressure equation
NedV∑
i=1
Λ(SnL , S
n
R)Fe(i,j)(φ
n+1) = Mj (9)
which is obtained by summing Eq. (8) over the phases and using the volume balance constraint. The system Eqs. (8) and (9)
are solved sequentially via implicit pressure explicit saturation (IMPES), where Eq. (9) is first solved implicitly for pressure
while Eq. (8) is solved explicitly for saturation. Time integration is expressed in terms of the explicit Forward Euler method.
The focus here being on the spatial discretization. The vertex-centered finite volume discretization of Eq. (8) for multiphase
flow on unstructured grids now takes the form [10]:
(Sn+1pj − Snpj)τj +∆t
NedV∑
i=1
fp(SnL , S
n
R)FTe(i,j)(φ
n+1) = ∆tMpj . (10)
The approximate flux is defined according to the sign of the local wave direction wp, evaluated here at the edge mid-
point. Referring to Fig. 1(b) with respect to a local frame of reference aligned with the direction i to j along the edge e, the
standard reservoir simulation upwind scheme is written as
fp(SnL , S
n
R) =
{
fp(SnL ) wp ≥ 0
fp(SnR) wp < 0
(11)
and the first order upwind scheme, (known as single-point upstreamweighting in the reservoir simulation literature [9]) is
defined with SnL = Sni and SnR = Snj .
3.1. A family of wave oriented locally conservative upwind schemes
The standard first order upwind scheme suffers from many deficiencies in higher dimensions as shown in [1–4]. By
definition, the single-point upstreamweighting scheme defines the control volume face flux by using information that flows
across the face. However, crucially when selecting this data, while the criterion is based on the sign of the wave velocity at
the control volume face, the actual data is defined by the nearest neighbour coordinate value. In one dimension, this is
sufficient to unambiguously define the scheme in terms of the incoming wave direction. However, in higher dimensions the
wave direction can be at an angle according to the wave velocity vector direction. The deficiency of the standard scheme is
its failure to recognize exactly fromwhere thewave is coming and consequently fail to use the real upwind data. In addition,
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Fig. 1. (a) Control volume (dashed line) (b) compact stencil (c) subcells.
the one dimensional single-point scheme still suffers from excessive numerical diffusion along the coordinate directions.
Many higher order schemes have been developed for reducing this kind of diffusion, here we cite examples of reservoir
simulation developments [5,11–13,10]. However, the direct use of the standard scheme in multiple dimensions creates an
additional source of numerical diffusion referred to as cross-wind diffusion.
Removal of cross-wind diffusion will require that the scheme has extra information available within a cell radius of each
control volume face. In the case of a structured quadrilateral grid, there is a net increase of the stencil from five nodes to
nine nodes in two dimensions. This enhances stability and permits a unit CFL number for linear convection [2,6].
The main idea of the multidimensional scheme is to trace back along the two dimensional characteristic to the point of
intersection with the upwind coordinated lines whenever possible. In this section, two key issues are addressed namely:
1. the definition of the upwind direction based on the local wave velocity defined over the subcells and
2. the choice of the weighting coefficients to minimize the cross-wind diffusion while preserving positivity.
For brevity we hereafter drop the subscript p from Sp and let S denote the water phase saturation. In the following,
x+ = (x + |x|)/2 and x− = (x − |x|)/2 denote the positive and negative part of a real x. Discretization of Eq. (10) is
expressed as:
τj
Sn+1j − Snj
∆t
+
NedV∑
e=1
f(SLe , SRe)
Nq∑
iq=1
FTq = 0, (12)
where iq sums over the flux quadrature points (one per sub-face), Nq = 1 at boundaries (one subcell), Nq = 2 in the field
where two subcell faces join at the edge mid-point. The total Darcy flux is computed from the pressure equation at a single
quadrature point per subcell [7], here we evaluate the subcell flux on the control volume sub-face (dashed in Fig. 1(a)) at the
point of attachment to the cell edge e. The sub-face fluxes are represented by the arrows in Fig. 2(a). Thus the quadrature
points are chosen to coincide with the centre of the cell edges.
The upwind tracing procedure is comprised of two steps.
3.1.1. Step I
The first step is to establish the global flux direction relative to the adjoining subcells. An edge based upwind formulation
is then written as:
τj
Sn+1j − Snj
∆t
=
NedV∑
e=1
{f (SLe)F+Te + f (SRe)F−Te }, (13)
where FTe is the resultant total Darcy flux at the centre of the edge e. The arrows in Fig. 2(b) illustrate the resultant fluxes at
the centre of the edges a, b, c , d and e.
Here, the convention of a positive (negative respectively) contribution for a total flux entering (leaving respectively) the
concerned control volume is adopted.
3.1.2. Step II
We consider how to use the subcell velocity to improve the accuracy of the tracing vector. In the case of Cartesian grids
with wave velocities having a uniform direction, the determination of the wind direction parameter (defined in the next
section as χ ) which dictates the upstream subcell is straightforward. However, the question of specifying a unique wave
direction at the centre of the edge in the general case is an open question. Here we use edge based fluxes. A stability and
positivity analysis is then performed for a linear flux with variable velocity field (presented below) which leads to a more
robust upwind formulation.
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Fig. 2. Total fluxes at the centre of edges.
3.2. Formulation using Data
First, we present a family of genuinelymultidimensional edge based finite volume schemes on unstructured quadrilateral
grids using a Data based formulation.
Consider the key edge e and the adjacent cells sharing the edge as shown in Fig. 1(b), then the left and right states at the
integration point on the edge e(i, j) oriented from node i to node j are calculated as:
SnLe = (1− ξe)Sni + ξe[χeSn1 + (1− χe)Sn2]
SnRe = (1− ηe)Snj + ηe[χeSn4 + (1− χe)Sn3]
(14)
where
χe =
{
1 if the wave velocity is pointing from subcell I to subcell IV,
0 if the wave velocity is pointing from subcell II to subcell III (15)
and ξ and η denote the weighting factors where ξ (η respectively) is used to interpolate the left (right respectively) state as
a linear combination of Si (Sj respectively) and S1 (S3 respectively) or S2 (S4 respectively) depending on the direction of the
wave speed. The weighing factors are derived as described below such that the scheme of Eqs. (14) and (15) satisfy a local
discrete maximum principle.
We will analyze the stability and consistency of the family of schemes of Eq. (14) on an arbitrary unstructured
quadrilateral grid for linear advection. Expanding Eq. (13) with respect to the data yields:
Sn+1j = αjSnj +
NV∑
k=1,i(k)6=j
αi(k)Sni(k) (16)
where αi are the vertex support coefficients of Si and NV is the net number of supporting vertices. In particular, the
contributions from cell1 and cell2 to the control volume j essentially involve the connecting edges e(i, j), a(3, j) and b(4, j)
(thick lines in Fig. 3). The arrows in Fig. 3(a) shows an illustration of the case χ = 1 for the three edges. Then Eq. (13) is
written as:
τj
∆t
(Sn+1j − Snj ) = F+Te [(1− ξe)Sni + ξe(χeSn1 + (1− χe)Sn2)] + F−Te [(1− ηe)Snj + ηe(χeSn4 + (1− χe)Sn3)]
+ F+Ta [(1− ξa)Sn3 + ξa(1− χa)Sn1] + F−Ta [(1− ηa)Snj + ηaχaSni ]
+ F+Tb [(1− ξb)Sn4 + ξbχbSn2] + F−Tb [(1− ηb)Snj + ηb(1− χb)Sni ] + ET , (17)
where ET (extra terms) signifies any contributions coming from cells other than cell1 and cell2. Thus, the associated weights
corresponding to the nodes i and j can be explicitly expressed as:
αi = ∆t
τj
((1− ξe)F+Te + ηaχaF−Ta + ηb(1− χb)F−Tb), (18)
and
αj = 1+ ∆t
τj
NedV∑
e=1
(1− ηe)F−Te . (19)
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a b
Fig. 3. (a) Wave direction orientation with respect to the key edges e, a and b (in bold) is illustrated by the arrows that correspond to χe = 1, χa = 1 and
χb = 1. (b) The arrows indicate possible contributions from node i to the update of the solution control volume j.
3.2.1. Consistency
The scheme is consistent by construction, where
αj +
NV∑
k=1,i(k)6=j
αi(k) = 1. (20)
3.2.2. Stability
The stability condition is derived from Eq. (19) which shows that the scheme permits a larger CFL number than the
standard upwind method if ηe are not all equal to zero.
∆t < − τj(
NedV∑
e=1
(1− ηe)F−Te
) . (21)
This means that using directional information will enhance the stability of the method.
Remark 1. In the case where ηe = 0 for all edges e connected to node j, then the CFL condition in Eq. (21) coincides with
the CFL condition of the standard first order upstream weighting scheme.
3.2.3. Positivity
Definition 1. If the scheme of Eq. (16) is consistent such that Eq. (20) is satisfied, stable such that the CFL condition of Eq.
(21) is satisfied, then the scheme of Eq. (16) is said to be positive if αk ≥ 0 for all k.
The consistency condition of Eq. (20) together with positivity and the CFL condition of Eq. (21) ensures that Sn+1j is equal
to a convex average of Sni for all i belonging to the support of node j, which leads to a positive scheme. Considering the
contribution from node i in Eq. (18), a necessary and sufficient condition for αi to be positive is:
ξeF+Te − χaηaF−Ta − (1− χb)ηbF−Tb ≤ F+Te . (22)
3.2.4. Stagnation point
A stagnation point is illustrated in Fig. 4(a) where all fluxes point away from node i. In this case ξe = 0 and the standard
single-point upstream weighting scheme is recovered locally.
3.2.5. Weighting factors
Case I. In the case where FTe > 0, FTa < 0 and FTb < 0 i.e. FTe is oriented from node i to node j, FTa is oriented from node j to
node 3 and FTb is oriented from node j to node 4 as shown in Fig. 5(a), a sufficient condition for the inequality of Eq. (22) to
be satisfied is that
ξe|FTe | + ηa|FTa | + ηb|FTb | ≤ |FTe |. (23)
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Fig. 4. Different cases for the flow.
a b c
Fig. 5. Weighting factor.
Setting the weights to be proportional to the ratio of the inward and outward fluxes, i.e.
ηa = min
(
β
FTe
|FTa |
, 1
)
, ηb = min
(
β
FTe
|FTb |
, 1
)
, (24)
yields
β ≤ 1
3
and ξe ≤ 13 . (25)
Case II. Notice here that the condition of Eq. (25) is relaxedwhen at least one of the fluxes FTa and FTb is non-strictly negative
as illustrate in Fig. 5(b). Assume for instance that FTa ≥ 0 i.e. FTa is pointing fromnode 3 to node j, thus the positivity condition
of Eq. (22) is satisfied for ξe and ηb satisfying the following inequality:
ξe + ηb |FTb |FTe
≤ 1. (26)
A symmetric choice corresponds to
ξe ≤ 12 and ηb ≤ min
(
1
2
|FTe |
|FTb |
, 1
)
. (27)
Case III. In the case where the fluxes FTa ≥ 0 and FTb ≥ 0, the positivity constraint Eq. (22) is relaxed further and reduces to
ξe ≤ 1. (28)
Limiting strategy. Define the flux ratios R1e and R2e as:
R1e = FTcFTe
, R2e = FTdFTe
(29)
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Fig. 6. Case 1 — (a) Distorted coarse grid 14× 15; saturation profile using (b) single-point upstream weighting and (c) multidimensional scheme.
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Fig. 7. Case 1 — (a) Distorted finer grid 26× 27; saturation profile using (b) single-point upstream weighting and (c) multidimensional scheme.
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Fig. 8. Case 1 — (a) Unstructured finer grid; saturation profile using (b) single-point upstream weighting and (c) multidimensional scheme.
and let R = max(R1e, R2e), then, the weighting factor takes the form:
ξe ≤ βmin(1,max(R, 0)) with
β = 1/3 if FTa < 0 and FTb < 0,
β = 1/2 otherwise.
(30)
Considering a positive uniform velocity field V = (a, b) on Cartesian quadrilateral grid, a unit CFL condition (Eq. (21)) is
retrieved as the condition β = 1/2 is always satisfied with ξe = 12 min(1, ba ).
We also note that in case Fig. 4(c), where both cross-fluxes are entering the control volume i, the upwind subcell is
selected with the edge that corresponds to a larger flux ratio in order to maximize the CFL condition in Eq. (21), which may
lead to a gain in accuracy. Other alternatives could be chosen such as an average between both fluxes. However, the main
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Fig. 9. Case 1 — Reference solution on a 64 × 64 Cartesian grid using (a) single-point upstream weighting; (b) higher order and (c) multidimensional
schemes.
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Fig. 10. Case 2 — Reference solution on a 64 × 64 Cartesian grid using (a) single-point upstream weighting; (b) higher order and (c) multidimensional
schemes.
result of this subsection is the general limiter defined in Eq. (30) on the angle of the characteristic/streamline to ensure
positivity.
3.2.6. L∞ stability
An immediate corollary of positivity is that the scheme is stable in L∞. Convergence follows from consistency and stability
(Lax equivalence theorem for the linear case).
3.3. Nonlinear formulation
For the general case, where the flux is nonlinear in saturation, we compare two formulations.
3.3.1. Nonlinear flux of multidimensional data
The first formulation involves multidimensional upwind data correction where we define the generalized flux by:
f (SnL ) = f
(
(1− ξe)Sni + ξe[χeSn1 + (1− χe)Sn2 ]
)
,
f (SnR) = f
(
(1− ηe)Snj + ηe[χeSn4 + (1− χe)Sn3 ]
)
.
3.3.2. Nonlinear multidimensional flux
The second formulation involves the multidimensional upwind flux correction where we define the generalized flux by:
f (SnL ) = (1− ξe)f (Sni )+ ξe[χef (Sn1)+ (1− χe)f (Sn2)],
f (SnR) = (1− ηe)f (Snj )+ ηe[χef (Sn4)+ (1− χe)f (Sn3)].
Here, we have used conditions of Eqs. (15), (21) and (30) for stability in our calculations.
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Fig. 11. Case 2 — (a) Unstructured coarse grid; saturation profile using (b) single-point upstream weighting, (c) multidimensional data based scheme and
(d) multidimensional flux based scheme.
4. Numerical test cases
The test cases involve two-phase flow (oil–water). Initial oil saturation is prescribed as unity and water is injected, with
S = 1. Water saturation contours are shown in each case. Solid wall (zero normal flow) boundary conditions are applied
on all solid boundaries of each reservoir domain. In all cases, flow rate is specified at the (inflow) injector and pressure
is prescribed at the (outflow) producer and a consistent Darcy flux approximation is used. Both distorted structured and
unstructured quadrilateral grids are tested.
Results involve full tensor coefficient velocity fields, with strong cross-terms that induce significant cross-flow across
the cells which also adds to the full tensor effect due to the unstructured nature of the grid.
Two cases are presented. The first case is a study of a quarter five spot problem involving a linear fluxwhereas the second
case is a study of a piston problem for nonlinear flux. The flow mobility ratio is set toM = 1. Both cases involve a Buckley
Leverett flux and a full homogeneous permeability tensor with principal axes oriented at 45 degrees to the reservoir domain
with 10 to 1 anisotropy ratio. The normalized tensors have components Kxx = 1.0, Kyy = 1.0, Kxy = 0.82. Primary unknowns
are the (normalized) water saturation S and pressure.
4.1. Case 1: Linear full tensor quarter five spot
The first case involves a linear flux, corresponding with linear relative permeabilities i.e. krw = S for the water phase (w)
and kro = (1 − S) for the oil phase (o). Quarter five spot boundary conditions are imposed with injector at the lower left
corner and producer at the top right corner together with an anisotropic full tensor permeability field with principal axes
oriented 45 degrees to the reservoir domain. The main feature of this case is the advection of the stable discontinuity across
the grid. Water saturation contours are shown at 0.3 pore volumes injected (PVI) for the same CFL number equal to 0.4. The
standard single-point upstream weighting results on distorted structured and unstructured quadrilateral grids are shown
in Figs. 6(b), 7(b) and 8(b). The multidimensional upwind results are shown in Figs. 6(c), 7(c) and Fig. 8(c). Fig. 9 shows the
reference solutions computed on a 64× 64 Cartesian grid.
The standard scheme results show that the front is largely diffused. In contrast, the multidimensional scheme provides
sharper resolution with improved symmetry of the problem about y = x, with reduced cross-flow spread.We also note that
the full tensor effect due to the grid is noticeably reduced in the multidimensional wave oriented results.
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Fig. 12. Case 2 — (a) Unstructured finer grid; saturation profile using (b) single-point upstream weighting, (c) multidimensional data based scheme and
(d) multidimensional flux based scheme.
4.2. Case 2: Nonlinear full tensor piston flow
The second case involves nonlinear Buckley Leverett flow into a reservoir with initial oil saturation of unity, subject
to water injection on the left hand boundary and outflow with specified pressure on the right hand boundary. The water
and oil relative permeabilities are respectively krw = S2 and kro = (1 − S)2. The results obtained using standard single-
point upstream weighting are shown in Figs. 11(b) and 12(b) and those obtained using the data based multidimensional
wave oriented higher dimensional upwind scheme are shown in Figs. 11(c) and 12(c). The multidimensional flux results are
shown in Figs. 11(d) and 12(d) on the coarse and finer unstructured grids. Fig. 10 shows reference solutions on a 64 × 64
Cartesian grid.
The standard first order results indicate a strong grid orientation bias, whereas the results obtained with the
multidimensional schemes show reduced grid dependence on the distorted unstructuredmeshes and provide improvement
of front resolution with a clearer indication of the flow pattern, which is consistent with the problem, where the full
tensor forces the flow across the domain. In addition, the multidimensional data based results show some signs of spurious
oscillations on the unstructured grids in this nonlinear case, whereas the multidimensional flux results are essentially free
of spurious oscillations.
5. Conclusions
A family of multidimensional upwind schemes is presented for hyperbolic conservation laws on structured and
unstructured quadrilateral grids. The methods are locally conservative and are coupled with consistent and efficient
continuous Darcy flux approximations and applied to two-phase flow problems. Positivity conditions are derived for linear
convection including the CFL limits. The schemes permit higher CFL numbers than the standard upwind scheme.
Two-phase flow results are presented. Comparisons with single-point upstream weighting scheme are made on both
distorted and unstructured quadrilateral grids for cases involving full tensor coefficient velocity fields. The comparisons
demonstrate the benefits of the multidimensional schemes both in terms of improved front resolution and significantly
reduced cross-wind diffusion.
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